
ÄÂÈ ÌÃÓ �2: Òåîðèÿ ÅÃÝìàòèêà

ÄÂÈ ÌÃÓ: Ìàòåìàòèêà

Çàäà÷à 2. Áàçîâàÿ àëãåáðà è ïðîãðåññèè.
Òåîðåòè÷åñêèé ìèíèìóì

1. ×èñëîâûå ïðîãðåññèè

Àðèôìåòè÷åñêàÿ ïðîãðåññèÿ (ÀÏ):

▶ Ôîðìóëà n-ãî ÷ëåíà: an = a1 + d(n− 1).

▶ Õàðàêòåðèñòè÷åñêîå ñâîéñòâî:Êàæäûé ÷ëåí (íà÷èíàÿ ñî âòîðîãî) ðàâåí ñðåäíåìó àðèô-

ìåòè÷åñêîìó ñîñåäíèõ: an = an−1+an+1

2 . Äëÿ òðåõ ÷èñåë: 2b = a+ c.

▶ Ôîðìóëû ñóììû n ïåðâûõ ÷ëåíîâ:

Sn =
a1 + an

2
· n èëè Sn =

2a1 + d(n− 1)

2
· n

Ãåîìåòðè÷åñêàÿ ïðîãðåññèÿ (ÃÏ):

▶ Ôîðìóëà n-ãî ÷ëåíà: bn = b1 · qn−1.

▶ Õàðàêòåðèñòè÷åñêîå ñâîéñòâî: Êâàäðàò êàæäîãî ÷ëåíà ðàâåí ïðîèçâåäåíèþ ñîñåäíèõ:

b2n = bn−1 · bn+1. Äëÿ òðåõ ÷èñåë: b
2 = a · c.

▶ Ôîðìóëà ñóììû n ïåðâûõ ÷ëåíîâ: Sn = b1
qn−1
q−1 (ïðè q ̸= 1).

▶ Ñâîéñòâî ãðóïïèðîâêè: Ñóììà ñëåäóþùèõ n ÷ëåíîâ ÃÏ ñâÿçàíà ñ ñóììîé ïåðâûõ n
÷ëåíîâ îòíîøåíèåì: S2n − Sn = qn · Sn.

Áåñêîíå÷íî óáûâàþùàÿ ãåîìåòðè÷åñêàÿ ïðîãðåññèÿ:

▶ Âîçíèêàåò ïðè óñëîâèè |q| < 1.

▶ Ñóììà âñåõ ÷ëåíîâ: S = b1
1−q .

▶ Âàæíî: Êâàäðàòû ÷ëåíîâ òàêîé ïðîãðåññèè (b21, b
2
2 . . . ) òàêæå îáðàçóþò áåñêîíå÷íî óáûâà-

þùóþ ïðîãðåññèþ ñ ïåðâûì ÷ëåíîì b21 è çíàìåíàòåëåì q2.

2. Êîðíè êâàäðàòíîãî óðàâíåíèÿ

Äëÿ óðàâíåíèÿ ax2 + bx+ c = 0 (ãäå a ̸= 0 è D ≥ 0) ñïðàâåäëèâà Òåîðåìà Âèåòà:

x1 + x2 = − b

a
, x1x2 =

c

a

Áàçîâûå àëãåáðàè÷åñêèå ïðåîáðàçîâàíèÿ:

▶ Ñóììà êâàäðàòîâ: x21 + x22 = (x1 + x2)
2 − 2x1x2.

▶ Êâàäðàò ðàçíîñòè êîðíåé: (x1 − x2)
2 = (x1 + x2)

2 − 4x1x2.

▶ Ìîäóëü ðàçíîñòè êîðíåé: |x1 − x2| =
√
D

|a| .
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Âû÷èñëåíèå ñóìì âûñîêèõ ñòåïåíåé êîðíåé (Ìåòîä ñóìì Íüþòîíà):

Åñëè òðåáóåòñÿ íàéòè çíà÷åíèå âûðàæåíèÿ xn1 +xn2 äëÿ n ≥ 3, ïðÿìîå ïðèìåíåíèå ôîðìóë ñîêðà-
ùåííîãî óìíîæåíèÿ ïðèâîäèò ê êðàéíå ãðîìîçäêèì âû÷èñëåíèÿì. Â òàêèõ ñëó÷àÿõ öåëåñîîáðàçíî

èñïîëüçîâàòü ðåêóððåíòíûé ïåðåõîä.

Ïóñòü x1 è x2 � êîðíè ïðèâåäåííîãî êâàäðàòíîãî óðàâíåíèÿ x2 + px+ q = 0. Ââåäåì îáîçíà-

÷åíèå äëÿ ñóììû n-õ ñòåïåíåé êîðíåé: Sn = xn1 + xn2 . Òîãäà äëÿ ëþáîãî öåëîãî íåîòðèöàòåëüíîãî
n ñïðàâåäëèâî ñîîòíîøåíèå:

Sn+2 + pSn+1 + qSn = 0 =⇒ Sn+2 = −pSn+1 − qSn

Ïîøàãîâûé àëãîðèòì ïðèìåíåíèÿ:

1. Âû÷èñëåíèå íóëåâîé è ïåðâîé ñóìì (áàçà):

S0 = x01 + x02 = 1 + 1 = 2.
S1 = x11 + x12 = −p (íàõîäèòñÿ íàïðÿìóþ ïî òåîðåìå Âèåòà).

2. Ñîñòàâëåíèå ðåêóððåíòíîãî ïðàâèëà:

Ïîäñòàâëÿåì ÷èñëîâûå êîýôôèöèåíòû p è q êîíêðåòíîãî óðàâíåíèÿ â îáùóþ ôîðìóëó

Sn+2 = −pSn+1 − qSn. Ýòî äàñò íàì óäîáíîå ïðàâèëî, ïî êîòîðîìó êàæäûé ñëåäóþùèé

øàã áóäåò âû÷èñëÿòüñÿ ÷åðåç äâà ïðåäûäóùèõ.

3. Ïîñëåäîâàòåëüíîå âû÷èñëåíèå:

Çíàÿ S0 è S1, ïî ïîëó÷åííîìó ïðàâèëó íàõîäèì S2. Çàòåì, çíàÿ S1 è S2, íàõîäèì S3, è òàê

äàëåå äî òðåáóåìîé ñòåïåíè (ïî àíàëîãèè ñ ÷èñëàìè Ôèáîíà÷÷è).

Ïðèìåð ïðèìåíåíèÿ àëãîðèòìà:

Çàäà÷à: Ïóñòü x1 è x2 � êîðíè óðàâíåíèÿ x2 − x− 3 = 0. Íàéäèòå çíà÷åíèå âûðàæåíèÿ x71 + x72.
Ðåøåíèå:

◦ Âûïèøåì êîýôôèöèåíòû ïðèâåäåííîãî óðàâíåíèÿ: p = −1, q = −3.

◦ Ñîñòàâèì ïðàâèëî: Sn+2 = −(−1)Sn+1 − (−3)Sn =⇒ Sn+2 = Sn+1 + 3Sn.

◦ Íàéäåì áàçîâûå ñóììû:

S0 = 2
S1 = −p = 1

◦ Ïîñëåäîâàòåëüíî âû÷èñëÿåì ñëåäóþùèå ñóììû ïî íàøåìó ïðàâèëó:

S2 = S1 + 3 · S0 = 1 + 3 · 2 = 7
S3 = S2 + 3 · S1 = 7 + 3 · 1 = 10
S4 = S3 + 3 · S2 = 10 + 3 · 7 = 31
S5 = S4 + 3 · S3 = 31 + 3 · 10 = 61
S6 = S5 + 3 · S4 = 61 + 3 · 31 = 61 + 93 = 154
S7 = S6 + 3 · S5 = 154 + 3 · 61 = 154 + 183 = 337.

◦ Îòâåò: 337. (Ñîãëàñèòåñü, ýòî íàìíîãî áûñòðåå, ÷åì âîçâîäèòü ñêîáêè â ñåäüìóþ ñòåïåíü!)
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3. Ñèììåòðè÷åñêèå ñèñòåìû è ìíîãî÷ëåíû

Êâàäðàò ñóììû òðåõ ñëàãàåìûõ:

Â çàäà÷àõ íà âû÷èñëåíèå çíà÷åíèé âûðàæåíèé ñ òðåìÿ ïåðåìåííûìè (a, b, c) ïðàêòè÷åñêè âñåãäà
èñïîëüçóåòñÿ ôîðìóëà êâàäðàòà òðåõ÷ëåíà:

(a+ b+ c)2 = a2 + b2 + c2 + 2(ab+ bc+ ac)

Çíàÿ ëþáûå äâå èç òðåõ êîìïîíåíò (ñóììó, ñóììó êâàäðàòîâ èëè ñóììó ïîïàðíûõ ïðîèçâåäåíèé),

ìîæíî âûðàçèòü òðåòüþ.

Öèêëè÷åñêèå ñèñòåìû óðàâíåíèé:

Åñëè äàíà ñèñòåìà âèäà: 
a+ kb = x

b+ kc = y

c+ ka = z

Îïòèìàëüíûé ìåòîä: Íå ïûòàéòåñü âûðàæàòü ïåðåìåííûå äðóã ÷åðåç äðóãà ìåòîäîì ïîäñòà-

íîâêè. Ñëîæèòå âñå òðè óðàâíåíèÿ ñèñòåìû ëåâûìè è ïðàâûìè ÷àñòÿìè. Âû ïîëó÷èòå óðàâíåíèå

âèäà (1 + k)(a+ b+ c) = x+ y + z, îòêóäà èñêîìàÿ ñóììà (a+ b+ c) íàõîäèòñÿ â îäíî äåéñòâèå.

4. Òåêñòîâûå çàäà÷è: Äåëèìîñòü è Ïðîöåíòû

Ïðîöåíòû è äîëè (ìåòîä êîýôôèöèåíòîâ):

▶ Óâåëè÷åíèå èñõîäíîé âåëè÷èíû S íà p% ðàâíîñèëüíî åå óìíîæåíèþ íà ïîâûøàþùèé êî-

ýôôèöèåíò k = 1 + p
100 .

▶ Óìåíüøåíèå âåëè÷èíû S íà p% ðàâíîñèëüíî åå óìíîæåíèþ íà ïîíèæàþùèé êîýôôèöèåíò

k = 1− p
100 .

▶ Ïðè ïîñëåäîâàòåëüíîì èçìåíåíèè öåíû ïåðâîíà÷àëüíàÿ ñòîèìîñòü ïðîñòî óìíîæàåòñÿ íà

ïðîèçâåäåíèå âñåõ ñîîòâåòñòâóþùèõ êîýôôèöèåíòîâ.

Àðèôìåòè÷åñêàÿ ïðîãðåññèÿ è ñâîéñòâà äåëèìîñòè:

Õàðàêòåðíàÿ ôîðìóëèðîâêà: ¾Íàéäèòå ñóììó âñåõ íàòóðàëüíûõ ÷èñåë, íå ïðåâîñõîäÿùèõ N ,

êîòîðûå äåëÿòñÿ íà A, íî íå äåëÿòñÿ íà B¿. Äàííàÿ çàäà÷à ñâîäèòñÿ ê ðàáîòå ñ ñóììàìè àðèô-
ìåòè÷åñêèõ ïðîãðåññèé ïî ñëåäóþùåìó àëãîðèòìó:

1. Íàõîäèì ñóììó âñåõ ÷èñåë îò 1 äî N , êðàòíûõ A. Ýòè ÷èñëà îáðàçóþò àðèôìåòè÷åñêóþ

ïðîãðåññèþ ñ ïåðâûì ÷ëåíîì A è ðàçíîñòüþ d = A. Îáîçíà÷èì ýòó ñóììó Sâñåãî.

2. Íàõîäèì ëèøíèå ÷èñëà, êîòîðûå íåîáõîäèìî èñêëþ÷èòü. Ýòî ÷èñëà, êðàòíûå è A, è B
îäíîâðåìåííî. Ñîãëàñíî ñâîéñòâàì äåëèìîñòè, òàêèå ÷èñëà êðàòíû Íàèìåíüøåìó îáùåìó

êðàòíîìó (ÍÎÊ) ÷èñåë A è B.

3. Íàõîäèì ñóììó âñåõ ÷èñåë îò 1 äî N , êðàòíûõ ÍÎÊ(A,B). Ýòî òàêæå àðèôìåòè÷åñêàÿ

ïðîãðåññèÿ ñ ðàçíîñòüþ, ðàâíîé ÍÎÊ. Îáîçíà÷èì ýòó ñóììó Sëèøíèå.

4. Èòîãîâûé ðåçóëüòàò: Sèñêîìàÿ = Sâñåãî − Sëèøíèå.

Ïîëåçíàÿ ôîðìóëà: ×òîáû áûñòðî íàéòè êîëè÷åñòâî íàòóðàëüíûõ ÷èñåë, êðàòíûõ ÷èñëó k è íå

ïðåâîñõîäÿùèõ N , äîñòàòî÷íî ïîäåëèòü N íà k è âçÿòü öåëóþ ÷àñòü îò ïîëó÷åííîãî ðåçóëüòàòà:

n =
[
N
k

]
.
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